We demonstrate how effects of induced stress may be incorporated in seismic modelling and inversion. Our approach is motivated by the accommodation of pre-stress in global seismology. Induced stress modifies both the equation of motion and the constitutive relationship. The theory predicts that induced pressure linearly affects the unstressed isotropic moduli with a slope determined by their adiabatic pressure derivatives. The induced deviatoric stress produces anisotropic compressional and shear wave speeds; the latter result in shear wave splitting. For forward modelling purposes, we determine the weak form of the equation of motion under induced stress. In the context of the inverse problem, we determine induced stress sensitivity kernels, which may be used for adjoint tomography. The theory is illustrated by considering 2-D propagation of SH waves and related Fréchet derivatives based on a spectral-element method.
I N T RO D U C T I O N
In many engineering applications, it is important to be able to monitor stress changes during operations. Obvious examples are drilling, oil and gas exploration, geothermal activity, and mining. In geomechanical modelling, which describes the response of the underground to mechanical perturbations, knowledge of the state of stress is essential. Most often estimates of stress are obtained from seismic data using simplifying assumptions or empirical models. These empirical models and assumptions are derived from laboratory rock physics experiments. We propose a method which quantitatively links changes in seismic wavefields directly to changes in stress using first principles.
Basic effects of changes in stress on seismic wave speeds have been known for a long time (e.g. Birch 1961; Nur & Simmons 1969) , and such effects have been observed in laboratory (e.g. Eberhart-Phillips et al. 1989; Verdon et al. 2008) and field studies (e.g. Fazio et al. 1973; Silver et al. 2007) . Exploration for oil & gas induces stress changes inside and outside reservoirs (e.g. Hatchell & Bourne 2005) . As a consequence, seismic waves are observed to have different traveltimes before and after depletion of the reservoir or after waste water injection. Such time-lapse time shifts are caused by two competing factors, namely, changes in layer geometry and stress-induced changes in seismic wave speeds.
Two descriptions of the effects of an induced stress on seismic wave speeds have been commonly used. The first approach focuses on stress effects on pre-existing or induced cracks, which manifest themselves in the form of seismic anisotropy (e.g. Nur 1971; O'Connell & Budiansky 1974; Zheng 2000) . O'Connell & Budiansky (1974) incorrectly accounted for the crack energy as the crack density increases, an issue addressed by Bruner (1976) and Henyey & Pomphrey (1982) . The second approach is based on third-order elasticity theory (Murnaghan 1951; Hughes & Kelly 1953; Egle & Bray 1976) , which requires the knowledge of higher-order elastic constants. The latter are not easily measured in the laboratory, with many discrepancies remaining, although new methods are continuously proposed (e.g. Renaud et al. 2012) .
In this paper, we take an approach motivated by the accommodation of pre-stress in global seismology. As first discussed in Dahlen (1972a,b) and also in Dahlen & Tromp (1998, sections 3.3.2 and 3.6 .2), pre-stress affects both the equation of motion and the constitutive relationship. Here we explore these effects both from a forward modelling perspective and from the point of view of the inverse problem.
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J. Tromp and J. Trampert where ρ denotes mass density, s the displacement vector, and T the symmetric stress tensor. At internal discontinuities and the free surface, the traction needs to be continuous, that is,
wheren denotes the unit normal pointing from the − side of a discontinuity to the + side, and where the notation [ · ] + − denotes the jump in the enclosed quantity when going from the − to the + side. On a traction-free surface, such as Earth's surface, traction vanishes:n · T = 0. The stress tensor, T, is related to the symmetric infinitesimal strain tensor,
(a superscript T denotes the transpose) via Hooke's law:
The fourth-order elastic tensor, , linearly relates the stress and strain tensors. Let U denote the elastic energy per unit mass. Then the stress may be related to the elastic energy density, defined to second order in strain, as
via
The symmetries of the stress and strain tensors and the quadratic nature of the elastic energy density dictate that the fourth-order elastic tensor, with elements
exhibits the symmetries ijk = jik , ijk = ij k , and ijk = k ij , which, in the most general case, reduces the number of independent parameters from 81 to 21. It is often convenient to express the elastic tensor in terms of its isotropic and purely anisotropic parts as
where κ and μ denote the isotropic bulk and shear moduli, respectively, and γ ijk the purely anisotropic contribution. The elements γ ijk exhibit the same symmetries as the elements ijk , and for purely isotropic media γ ijk = 0.
I N D U C E D S T R E S S
We induce a symmetric static stress field, T 0 , subject to the equilibrium condition
The associated boundary condition is
The induced stress may be written in terms of an induced pressure,
and a symmetric trace-free induced deviatoric stress
such that,
where I denotes the identity tensor. Taken together, the equilibrium condition and decomposition imply that
which enables us to eliminate ∇ p 0 in terms of ∇ · τ 0 . For example, we have
Note that the equilibrium condition (9) constrains only three of the six elements of the induced stress tensor. Effects of induced stress 853
E Q UAT I O N O F M O T I O N U N D E R I N D U C E D S T R E S S
Seismic waves propagating in a stress-induced medium are governed by the wave equation (Dahlen & Tromp 1998, eq. 3 .56 without density and gravity perturbations or rotational terms)
where T L1 denotes the symmetric incremental Lagrangian Cauchy stress, and where the term −s · ∇T 0 captures advection of the induced stress. Using decomposition (13) and equilibrium eq. (9), the equation of motion (16) may be rewritten in the form (Dahlen & Tromp 1998, eq. 3 .58 without density and gravity perturbations or rotational terms)
The associated boundary condition is most conveniently expressed in terms of the asymmetric incremental first Piola-Kirchhoff stress, T PK1 , namely (Dahlen & Tromp 1998, eq. 3.65) ,
The incremental first Piola-Kirchhoff stress is related to the incremental Lagrangian Cauchy stress via (Dahlen & Tromp 1998, eq. 3.36 )
For numerical simulations, in particular spectral-element simulations, the weak form of the equation of motion is discussed in Appendix.
What we need next is a constitutive relationship for seismic wave propagation in a medium under induced stress.
E L A S T I C S T R A I N E N E RG Y D E N S I T Y U N D E R I N D U C E D S T R E S S
A discussion of elastic strain energy requires careful definition of 'the strain tensor', and consideration of second-order quantities in the displacement gradient. As discussed in Dahlen & Tromp (1998, section 3.6 .1), in an adiabatic, perfectly elastic material, the Lagrangian internal energy density depends only on the Lagrangian strain tensor
which may, alternatively, be expressed in terms of the infinitesimal strain tensor defined in eq. (3) and the antisymmetric infinitesimal vorticity tensor
as
The internal energy density under induced stress must be calculated correct to second order in the displacement gradient, ∇s, which prohibits the linearization E L ≈ in energetic considerations. Keeping this in mind, to second order in ∇s the Lagrangian internal energy density may be expressed in the form
where ρ 0 denotes the density before straining the material, making U L the Lagrangian internal energy per unit mass. We have assumed for convenience that the Lagrangian internal energy density vanishes in the absence of strain. The symmetric second Piola-Kirchhoff stress is defined in terms of the Lagrangian internal energy via
where T SK1 denotes the symmetric incremental second Piola-Kirchhoff stress, namely,
where the last equality holds to first order in the displacement gradient. The components of the fourth-order tensor are given by
implying that exhibits the symmetries ijk = jik , ijk = ij k , and ijk = k ij , thereby reducing its number of independent elements from 81 to 21.
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J. Tromp and J. Trampert As discussed in Dahlen & Tromp (1998, section 3.6 .2) and Dahlen (1972a) , the tensor is one of a family of permissible fourth-order tensors which may be used to define the Lagrangian internal energy density, and, therefore, the incremental second Piola-Kirchhoff stress. Specifically, we may write
where the elements ijk are given by (8), and for arbitrary values of the quantities a and b, which are allowed to vary spatially. We now turn to the task of determining suitable values for these quantities.
Plane-wave solutions
In this section we consider plane-wave solutions in a homogeneous medium with induced stress. We consider a plane wave of the form
where a denotes the amplitude, k the wavevector, and ω the angular frequency. Substitution of plane wave (28) in the equation of motion (17) leads to the eigenvalue problem
where c = ω/k denotes the phase speed, and where B denotes the symmetric Christoffel tensor with elements (Dahlen 1972b; Dahlen & Tromp 1998, eq. 3 .156)
The elements ijk are related to the elements ijk via (Dahlen & Tromp 1998, eq. 3.122 )
and are used to relate the first Piola-Kirchhoff stress defined in eq. (19) to the displacement gradient, that is,
More specifically, using eqs (8), (13), (27), and (31), we have
Herek i denotes an element of the unit wavevector,k = k/k. Let us define
Then we find that the Christoffel tensor has elements determined by
The terms involving κ + κ p 0 and μ + μ p 0 enable us to identify κ and μ as the adiabatic pressure derivatives of the bulk and shear moduli, respectively (Nur & Simmons 1969) . In fact, it is this desirable result that motivated definitions (34) & (35). We may regard κ and μ as spatially variable elastic moduli at zero pressure, whereas κ and μ represent their spatially variable adiabatic pressure derivatives.
Because B is a symmetric positive-definite tensor, the eigenvalue problem (29) has three positive eigenvalues, c 2 , and associated orthogonal eigenvectors, a. To first-order in the induced stress, assuming the medium before inducing stress is isotropic, that is, γ ijk = 0, the compressional wave speed is determined by
and the two shear wave speeds are determined by
Herek 0 denotes the unit wavevector prior to inducing stress, andâ 0 1,2 the unit shear wave polarization directions prior to inducing stress. Note thatk 0 ·â 0 1,2 = 0. We conclude that definitions (34) and (35) lead to a desirable dependence of the compressional and shear wave speeds (37) & (38) on induced pressure, p 0 . We observe that the induced deviatoric stress, τ 0 , manifests itself as an anisotropy in seismic wave speeds. 
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In global seismology, the quantities a and b are selected such that the seismic wave speeds (37) and (38) are independent of the hydrostatic pre-stress, p 0 . This amounts to setting κ = 0 and μ = 0, and corresponds to the choice a = −b = 1/2. With this choice, the wave speeds (37) and (38) are in agreement with those of Dahlen (1972b, eqs 22 and 25) . Note, in particular, that with this choice the compressional wave speed is independent of the induced stress. In this paper, we argue that, rather than choosing the parameters a and b, the parameters μ and κ should be recognized as the derivatives of the moduli with regards to hydrostatic pressure. With this interpretation, these parameters are not chosen, but rather determined by the material properties.
For an S wave travelling in the z-direction there are two shear wave speeds, namely, for the wave polarized in thex direction
and for the wave polarized in theŷ direction
where β = √ μ/ρ denotes the unperturbed shear wave speed. These polarization-dependent differences in shear wave speed lead to shear wave splitting, such that the split time between the arrival polarized in the x direction and the arrival polarized in the y direction is determined by
This expression provides a direct relationship between the split time and the induced deviatoric stress.
Constitutive relationship
Definitions (34) and (35), which lead to a desirable dependence of the compressional and shear wave speeds on induced pressure via (37) and (38), provide the sought values of the quantities a and b, namely,
This implies that eq. (27) becomes
As discussed in Section 4, seismic wave propagation under induced stress is described in terms of the incremental Lagrangian Cauchy stress, T L1 , which is related to the incremental second Piola-Kirchhoff stress, T SK1 , via (Dahlen & Tromp 1998 , eqs 3.37)
Upon using eqs (25) and (44) in eq. (45), we find that the incremental Lagrangian Cauchy stress has components
In the absence of induced deviatoric stress, τ 0 i j = 0, we have
and here again we clearly recognize the contributions κ + κ p 0 and μ + μ p 0 as capturing the pressure dependence of the isotropic moduli. In terms of the stress tensor prior to inducing stress, given by eq. (4), we may write
where
strain−dependent stress (due to induced deviatoric stress)
We conclude that, even in an initially isotropic medium, induced stress manifests itself as an anisotropy in seismic wave speeds. Part of this involves a strain-dependent stress-with distinct contributions from the induced pressure and from the induced deviatoric stress-and another part involves a rotation of the induced stress. It is interesting to note that eq. (49) may be expressed also in terms of the full induced stress tensor, T 0 , as
We end this section by noting that in global seismology the quantities a and b are selected such that the incremental Lagrangian Cauchy stress (48) is independent of the hydrostatic pre-stress, p 0 , thereby also rendering the seismic wave speeds (37) and (38) independent of the hydrostatic pre-stress, as discussed previously. This amounts to setting κ = 0 and μ = 0 in eq. (49), implying via eqs (42) and (43) that a = −b = 1/2, and resulting in (Dahlen & Tromp 1998, eq. 3 .145)
Motivated by expressions (37) and (38) for the compressional and shear wave speeds, perhaps a better strategy is to select κ + κ p 0 and μ + μ p 0 as 'the' bulk and shear moduli in a pre-stressed Earth model, thereby building the pressure dependence into the moduli and capturing the effects of deviatoric pre-stress in terms of
Compared to eq. (51), the additional terms are generally not negligible, because typical values of κ and μ are of order unity (e.g. Stacey 1992) . Arguably, such terms could be captured by the purely anisotropic elements γ ijk , but such an approach fails to reflect the full influence of the deviatoric pre-stress.
B O R N A P P RO X I M AT I O N
To compare and contrast the equation of motion and boundary condition before inducing stress, eqs (1) and (2), with those after inducing stress, eqs (17) and (18), we use eq. (48) to rewrite the latter as
and
The terms on the right-hand sides of these equations capture effects due to induced stress. If the induced stress is accompanied by changes in density, δρ, and the elastic parameters, δ , then the modified equations take the form
Additional effects associated with changes in layer geometry are captured by perturbations in boundary locations. Such topographic perturbations on internal discontinuities and the free surface modify the boundary conditions. The theoretical implications are well known (see e.g. Dahlen 2005; Tromp et al. 2005 ) and readily accommodated. For the sake of brevity, in this paper we focus mainly on the direct effects of induced stress, but in Section 7 we also summarize effects associated with perturbations in density, the elastic tensor, and boundary topography. If the wavefield prior to inducing stress, s, is governed by the equation of motion (1) subject to boundary conditions (2), and the wavefield after inducing stress, s + δs, is governed by the equation of motion (53) subject to boundary conditions (54), then, invoking the Born approximation, the perturbed wavefield, δs, due to the induced stress is determined by
Here V denotes the model volume, the collection of all discontinuities, including internal discontinuities and the free surface, and G ij (x, x ; t − t ) the Green function for the medium prior to inducing stress. A partial derivative with respect to the primed coordinates, x , is denoted by ∂ i . Additional terms associated with perturbations in density, δρ, elements of the elastic tensor, δ ijk , and boundary topography, δh, may be found in Tromp et al. (2005, eqs 3 and 21) . 
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After a lengthy, tedious calculation, this result may be rewritten in the form
Note that the boundary integral has been eliminated, and, in particular, that eq. (59) contains no derivatives of the induced deviatoric stress. Result (59) forms the basis of the calculation of Fréchet derivatives in the next section.
K E R N E L S
In this section we determine induced deviatoric stress sensitivity kernels or Fréchet derivatives. Suppose we record a set of three-component data with an array of N r receivers. We denote the three component time series in this data set by d i (x r , t), i = 1, 2, 3, r = 1, . . . , N r . After a time lapse, T, we record a second data set d T i (x r , t), i = 1, 2, 3, r = 1, . . . , N r . We seek to find model perturbations such that the related simulated wavefield perturbations, δs i , capture the change in the data. This is accomplished by defining the misfit function
such that
Using the Born expression determined in Section 6, the derivative of the misfit function with respect to the induced deviatoric stress may be expressed as
Here T denotes the record length. The adjoint wavefield, s † , satisfies the same wave equation as the regular wavefield, s, but is generated by the adjoint source
This equation illustrates how time-lapse data, which are simultaneously insert at all receiver locations in reverse time, give rise to the adjoint wavefield. The strain deviator and its adjoint are denoted by D and D † , respectively. Note that the kernel K τ 0 has zero trace, as expected, and that the second derivative of the adjoint wavefield, ∇∇s † , is required for its calculation.
Effects due to changes in density, δρ, elastic parameters, δ , and topography on solid-solid boundaries, δh, are readily incorporated (Tromp et al. 2005) . In this case the derivative of the misfit function is modified as
Here ∂ n =n · ∇, and the dependence of the adjoint wavefield on time T − t and the forward wavefield on time t has been omitted for brevity. Topographic perturbations on fluid-solid boundaries may also be accommodated (Dahlen 2005; Tromp et al. 2005) , but are omitted for brevity. For isotropic models, kernel K defined in eq. (68) is replaced by kernels for the bulk and shear moduli (Tromp et al. 2005) , namely
Upon comparing the isotropic kernels (70) and (71) with kernel (63) for the induced pressure, we conclude that induced pressure trades off with the moduli, an unfortunate fact to be expected from expressions (37) and (38) for the wave speeds. As mentioned previously, for this reason it makes sense in both active and passive seismology to build the induced pressure dependence into the moduli by selecting κ + κ p 0 and μ + μ p 0 as model parameters, thereby eliminating induced pressure as an unknown parameter. However, one can imagine engineering applications in which the elastic moduli, κ & μ, and their pressure derivatives, κ & μ , are known, and one seeks to determine induced pressure variations, for example, based on time-lapse ultrasonics. In that case kernel (63) may prove to be a useful tool.
We note that the formulation of an iterative inverse problem based on the Fréchet derivatives presented in this section is non-trivial, because updates in induced stress need to continue to satisfy the equilibrium eq. (9), which, as previously mentioned, constrains three out of six elements of the induced stress. This might be accomplished by making use of the 'Beltrami stress function' (Gurtin 1963) , or based on the orthogonal decompositions of stress tensors introduced by Al-Attar (2010) . This important topic is beyond the scope of this paper.
2-D S H WAV E S

Equation of motion and kernels
Consider a 2-D SH wavefield polarized in the y-direction with displacement field s(x, z, t). The associated scalar wave equation is
where ρ = ρ(x, z) denotes mass density and μ = μ(x, z) the shear modulus. Upon inducing a purely deviatoric stress of the form τ
The misfit gradient may be written in the form
where expect in reservoir settings in time lapse experiments by looking at full waveform differences rather than time shifts of first arriving waves. Our 2-D examples are designed to show the order of magnitude of the waveform effects to be expected, and hence our simple waveform difference measure δ is sufficient. In real applications, a more rigorous quantification of the waveform difference should be used (e.g. Kristekova et al. 2009 ). We anticipate that in three dimensions, shear wave splitting caused by induced deviatoric stress may also be a detectable.
C O N C L U D I N G R E M A R K S
It is well known that seismic wave speeds in crustal rocks increase with hydrostatic pressure (Birch 1961; Nur & Simmons 1969) . Under non-hydrostatic stress, the same wave speeds develop clear characteristics of anisotropy (Nur & Simmons 1969) . Mavko et al. (1995) , for instance, explained these observations by introducing cracks with prescribed compliances and further assuming a porosity for each crack. Another approach is to use higher-order elasticity (e.g. Johnson & Rasolofosaon 1996; Prioul et al. 2004) to explain effective anisotropy induced by deviatoric stress. Johnson & Rasolofosaon (1996) plot squared compressional wave speed c 2 p as a function of applied uniaxial stress. Using our expression (37), we find that ρ c 2 p changes linearly with uniaxial stress P. Recalling Birch's law (Birch 1961) , stating that density is proportional to P-wave speed, we find that c 2 p ∼ P 2/3 , similar to the data shown in Johnson & Rasolofosaon (1996) . These authors further plot S-wave birefringence data, which present a trend in sin 2 θ , where θ is the angle between the propagation direction and the stress direction. Our eq. (38) similarly exhibits such a sin 2 θ dependence without the need for third-order elasticity. Prioul et al. (2004) show data where elastic constants vary linearly with applied hydrostatic stress. In our formulation we clearly identify the linear hydrostatic pressure dependence of the elastic constants (eqs 37 and 38).
Motivated by the formulation common in global seismology, we show the effects of induced stress on the elastic wave equation and constitutive relation. Without employing higher-order elasticity, our formulation leads to trends observed in measurements based on laboratory data. We also, for the first time, give expressions for induced stress sensitivity kernels, which can be used in adjoint tomography. From an inverse theory perspective, induced pressure trades off with the isotropic moduli, and for this reason it should be built into the definition of 'the moduli', thereby eliminating it as an unknown parameter. Induced deviatoric stress results in anisotropic seismic wave speeds, and thus it is possible to image deviatoric stress using time-lapse experiments. Simple 2-D SH experiments suggest waveforms are sufficiently sensitive to stress changes expected in reservoir settings, but we will have to deal with trade-offs between changes in elastic constants, boundaries, and induced deviatoric stress, which all affect the wavefield simultaneously.
The theory contains two quantities a and b (see eq. 27), which may be chosen to obtain a particular equation of state. Global seismologists (e.g. Dahlen 1972a; Dahlen & Tromp 1998) prefer to choose a = −b = 1/2, thereby rendering the formulation independent of the hydrostatic pre-stress. An alternative second-order equation of state is based on logarithmic or Hencky strain (Poirier & Tarantola 1998) rather than the Lagrangian strain, and may be recovered from our theory by setting a = 0 and b = −1/2.
Our analysis suggests a physical interpretation of the quantities a and b that gives the isotropic bulk and shear moduli an induced pressure dependence of the form κ + κ p 0 and μ + μ p 0 , respectively, where κ and μ denote isotropic elastic moduli at zero pressure, and κ and μ represent their adiabatic pressure derivatives. Note that-because the derivatives κ and μ may be depth-dependent-the quantities κ + κ p 0 and μ + μ p 0 do not necessarily vary linearly with pressure. For moderate stress changes, Birch-Murnaghan's secondorder equation of state in Eulerian strain is often used (e.g. Stacey 1992 ). This formulations leads to κ = 4, and together with the empirical It is important to recognize that whereas Dahlen (1972a,b) and Dahlen & Tromp (1998) choose to set a = −b = 1/2, we do not select specific values for a and b. By rewriting a and b in terms of two new parameters, μ and κ , we show that the predicted seismic wave speeds, defined by eqs (37) and (38), take on experimentally expected forms when one interprets these new parameters as the adiabatic pressure derivatives of the shear and bulk moduli with respect to pressure. But note also that based on this interpretation one no longer simply 'chooses' a and b. Instead, the values of a and b are determined by the pressure derivatives of the shear and bulk moduli. Our theory makes testable predictions given values of the shear and bulk moduli and their pressure derivatives and an applied pre-stress, for example, a directional dependence of the compressional wave speed (37) and the shear wave split time (41). We predict that the compressional wave speed acquires a directional dependence with an amplitude linearly proportional to κ and μ , whereas setting a = −b = 1/2-equivalent to setting μ = κ = 0 in our formulation-results in an isotropic P wave. Similarly, we predict that for two materials with the same shear modulus μ but different pressure derivatives μ , the split time will be different, whereas setting a = −b = 1/2 would not show any differences in split time. One could imagine lab experiments that could attempt to verify these predictions given experimentally determined values of the moduli μ and κ and their pressure derivatives μ and κ for various materials.
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